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∂ÈÏÂÁÌ¤Ó· ı¤Ì·Ù· ÁÈ· ÙÔ˘˜ ˘Ô„‹ÊÈÔ˘˜ Ì·ıËÙ¤˜ ÙË˜
°� Ù¿ÍË˜ ∂ÓÈ·›Ô˘  §˘ÎÂ›Ô˘.

> 1Ô £∂ª∞:

¢›ÓÂÙ·È Ë  ÁÈ· ÙËÓ ÔÔ›· ÈÛ¯‡ÂÈ Ë Û¯¤ÛË 

3. f(x)- 2 .f(-x)=5x-3, ÁÈ· Î¿ıÂ x .
i) ¡· ‚ÚÂ›ÙÂ ÙÔÓ Ù‡Ô ÙË˜ f

ii) ¡· ‚ÚÂ›ÙÂ ÙÔ 

iii) ∞Ó Â›Ó·È ,ÁÈ· Î¿ıÂ x Ó· ‚ÚÂ›ÙÂ ÙÔÓ 

Ù‡Ô ÙË˜ g

> 2o £∂ª∞:
‘∂ÛÙˆ Ë Û˘ÓÂ¯‹˜ Û˘Ó¿ÚÙËÛË f ÛÙÔ [·,‚] Î·È ÔÈ ÌÈÁ·‰ÈÎÔ› z= f(‚)-i‚2 

Î·È w=f(·)+i·2 ÌÂ . ¡· ‰Â›ÍÂÙÂ fiÙÈ ˘¿Ú¯ÂÈ ¤Ó·
ÙÔ˘Ï¿¯ÈÛÙÔÓ Í E (·,‚)ÒÛÙÂ  f(Í)=0.

> 3o £∂ª∞:
¢›ÓÂÙ·È Ë Û˘Ó¿ÚÙËÛË

i) ∞Ó Ë f Â›Ó·È Û˘ÓÂ¯‹˜ ÛÙÔ x0=2 Ó· ‰Â›ÍÂÙÂ fiÙÈ Ë ÂÈÎfiÓ· ÙÔ˘
ÌÈÁ·‰ÈÎÔ‡  z ÎÈÓÂ›Ù·È ÛÂ Â˘ıÂ›· (Â) ÙË˜ ÔÔ›·˜ Ó· ÚÔÛ‰ÈÔÚ›ÛÂÙÂ
ÙËÓ ÂÍ›ÛˆÛË.

ii) ∞Ó ÁÈ· ÙÔÓ ÌÈÁ·‰ÈÎfi w ‰›ÓÂÙ·È fiÙÈ Ó· ‚ÚÂıÂ› Ë 

ÂÏ¿¯ÈÛÙË ÙÈÌ‹ ÙÔ˘ 

> 4o £∂ª∞:
∞Ó  ÁÈ· ÙËÓ Û˘Ó¿ÚÙËÛË ÈÛ¯‡ÂÈ f3(x)+f(x)+x=4, ÁÈ·

Î¿ıÂ  x Ó· ‰Â›ÍÂÙÂ fiÙÈ
i)  ∏ f  Â›Ó·È  Û˘Ó¿ÚÙËÛË “1-1”
ii) ¡· Ï‡ÛÂÙÂ ÙËÓ ÂÍ›ÛˆÛË f(ex)=f(1-x)
iii) ¡· ‚ÚÂ›ÙÂ ÙËÓ f-1

iv) ¡· ‚ÚÂ›ÙÂ ÙÔ 

(i)¢›ÓÂÙ·È fiÙÈ 3.f(x)-2.f(-x)=5x-3, ÁÈ· Î¿ıÂ x ∂ R. £¤ÙÔ˘ÌÂ fiÔ˘  x
ÙÔ -x Î·È ¤¯Ô˘ÌÂ 3.f(-x)-2.f(x)=-5x-3, fiÔ˘ Ï‡ÓÔ˘ÌÂ ÙÔ Û‡ÛÙËÌ· 

Î·È ·›ÚÓÔ˘ÌÂ f(x)=x-3

ii)

, ı¤Ùˆ ÔfiÙÂ

iii)¢›ÓÂÙ·È 

ÕÚ·, 
g(x)= x2+ 6x+10 ÁÈ· Î¿ıÂ x∂R

f2(·)+f2(‚)+2f(·)f(‚)+·4+‚4+2·2‚2<f2(·)+f2(‚)-
-2f(·)f(‚)+·4+‚4+2·2‚2 4f(·)f(‚)<-4·2‚2 f(·)f(‚)<-·2‚2

f(·)f(‚)<0.  ∏ f ÈÎ·ÓÔÔÈÂ› ÙÈ˜ ̆ Ôı¤ÛÂÈ˜ ÙÔ˘ £. Bolzano
ÛÙÔ[·, ‚]¿Ú· ̆ ¿Ú¯ÂÈ Í∂ (·, ‚) Ù¤ÙÔÈÔ ÒÛÙÂ f(Í)=0.

∞ÊÔ‡ f Û˘ÓÂ¯‹˜ ÛÙÔ x0=2. ÕÚ·
·

(1)
∂›Ó·È 

. ∂›Ó·È

ÕÚ· ÏfiÁˆ ÙË˜ (1) ı· Ú¤ÂÈ

ii) ¢›ÓÂÙ·È fiÙÈ ¿Ú· ÙÔ Û‡ÓÔÏÔ ÙˆÓ ÂÈÎfiÓˆÓ ÙÔ˘ w 

·Ó‹ÎÂÈ ÛÂ Î‡ÎÏÔ ÌÂ Î¤ÓÙÚÔ   Î·È ·ÎÙ›Ó· Ú=1. ∏
ÂÏ¿¯ÈÛÙË ÙÈÌ‹ ÙÔ˘

™¯fiÏÈÔ: ∏ ÂÈÎfiÓ· ÙÔ˘ z ÎÈÓÂ›Ù·È ÛÙËÓ ÌÂÛÔÎ¿ıÂÙË ÙÔ˘ ÙÌ‹Ì·ÙÔ˜
∞µ fiÔ˘ ∞(2,0), µ(0,-1)Ô˘ Â›Ó·È ÔÈ ÂÈÎfiÓÂ˜ ÙˆÓ ÌÈÁ·‰ÈÎÒÓ
z1=2+0i, z2+0-1i  ‚¿ÛÂÈ ÙË˜ ÈÛfiÙËÙ·˜ 

i)f3(x)+f(x)+x=4 ¿Ú· f3(x)+f(x)+x=4-x  (1) ÁÈ· Î¿ıÂ  xE R.
∆fiÙÂ ÁÈ· Î¿ıÂ x1, x2 ∂ R ÌÂ f(x1)=f(x2)  ¤¯Ô˘ÌÂ

ÕÚ·  Ë f Â›Ó·È “1-1”
ii) f(ex)=f(1-x)
∂ÂÈ‰‹ Ë f Â›Ó·È “1-1” ¿Ú·
¶ÚÔÊ·Ó‹˜ Ú›˙· x=0 ‰ÈfiÙÈ eo+0-1=1-1=0. ∏ Û˘Ó¿ÚÙËÛË  h ÌÂ  

h(x)=ex+x-1 Â›Ó·È ÁÓ‹ÛÈ· ·‡ÍÔ˘Û· ‰ÈfiÙÈ ÁÈ· Î¿ıÂ x1,x2 E RÌÂ

Î·È ex1<ex2 ÚÔÛı¤ÙÔÓÙ·˜ Î·Ù¿ Ì¤ÏË 

¤¯ˆ ,¿Ú· Ë h Â›Ó·È

“1-1” ÔfiÙÂ x=0 ÌÔÓ·‰ÈÎ‹ Ú›˙·. 
iii) ∏ f Â›Ó·È “1-1”, ¿Ú· Â›Ó·È ·ÓÙÈÛÙÚ¤„ÈÌË. ∞Ó ı¤ÛÔ˘ÌÂ y= f(x)
ÙfiÙÂ Ë f3 (x)+ f(x)+x=4 Á›ÓÂÙ·È y3+y +x=4 x=4- y3-y
f-1(y)=4 - y3-y, y E R, (‰ÈfiÙÈ f (R)=R) ‹ f-1(x)= - x3-x+4, x E R.

iv) ∂›Ó·È 
, 

fiÌˆ˜

ÙÔ , ¿Ú· ·Ô ÙÔ
ÎÚÈÙ‹ÚÈÔ ÙË˜ ·ÚÂÌ‚ÔÏ‹˜ Î·È 

∆· ı¤Ì·Ù· ÂÈÌÂÏ‹ıËÎ·Ó Ù· ÊÚÔÓÙÈÛÙ‹ÚÈ· 

°.Ã∞™π∞∫∏™
ÛÙÔÓ ¶∂πƒ∞π∞ 

limx→0(x3+ x)ηµ1
x

=0

limx→0(- x3+x )=limx→0 x3+x =0

(x3+x)ËÌ1
x  ≤x3+x ⇔-x3+x ≤(x3+x)ËÌ1

x ≤ x3+x

(4- f-1(x))ËÌ1
x = (4+x3+x-4 )ËÌ1

x = (x3+x)ËÌ1
x

⇔⇔

ex1+x1-1<ex2+x2-1⇔h x1 <h x2

x1<x2⇔x1-1<x2-1

ex=1-x⇔ex+x-1=0

= f3(x2)+ f(x2) ⇔(1) 4 - x1= 4-x2 ⇔x1=x2

f3(x1)=f3(x2)
f(x1)= f(x2)

} (+) ¿Ú· f3(x1)+ f(x1)=

z-w= d(K, ε)- p=
4⋅ 5

4
+2⋅ 4-3

42+22
-1= 10

2 5
--1= 5 -1

K 5
4

,4

w-5
4

-4i =1

(x-2)2+y2 = x2+(y+1)2 ⇔ (ε):4x+2y-3=0

⇔(z=x+yi) x-2 +yi =x+(y+1)i ⇔

z-2 +3
4

=z+i +3
4

⇔ z-2 =z+i ⇔

=z+i  +2-5
4

= z+i  +3
4

= f(2)

limx→2+f(x)=limx→2+(z+i + x-5
4

)=

= z-2 + limx→2-2x-1
x+2

= z-2 + 3
4

=z-2  +limx→2-
2(x- 2)(x - 1

2
)

(x-2)(x+2)

limx→2-f(x)=limx→2-(z-2 + 2x2- 5x+2

x2- 4
)=

limx→2-f(x)=limx→2+f(x)= f(2)

⇔

⇔⇔

⇔

⇔ (f(α)+f(β))2+(α2+β2)
2

 < (f(α)-f(β))2+(β2-α2)
2

⇔

⇔f(α)+f(β)+i(α2+β2)< f(α)-f(β)+i(β2-α2)

w+z<w-z⇔ f(α)+iα2+f(β)+iβ2 <f(α)-iα2- f(β)+iβ2 ⇔

g(f(x))=x2+1⇔ g(x-3)= x2+1⇔(x-3=ω)   g(ω)=ω2+6ω+10

(g ° f)(x)= x2+1

limu→0
ËÌu

u
= 1

1
x

=u
limx→+∞ x.ηµ1

x =limx→+∞
ηµ1

x
1
x

(™)
 3.f(x)- 2. f(-x)=5x-3
3.f(-x)-2. f(x)=-5x-3

limx→0 (4-f-1(x)).ËÌ1
x  

∈ R

f: R→ R

z-w

w-5
4

-4i=1

f(x)=

 z-2+2x2-5x+2
x2-4

, x<2

z+i+x-5
4

, x≥2

w+z<w-z

∈ Rg°f x =x2+1

limx→+∞ (f(x)+3). ËÌ1
x

∈ R

f: R→ R
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M·ıËÌ·ÙÈÎ¿ ∫·ÙÂ‡ı˘ÓÛË˜

∞¶∞¡∆∏™H ™∆√ 1Ô £∂ª∞ 

∞¶∞¡∆∏™H ™∆√ 4Ô £∂ª∞ 

∞¶∞¡∆∏™H ™∆√ 3Ô £∂ª∞ 

∞¶∞¡∆∏™H ™∆√ 2Ô £∂ª∞ 

limx→+∞ f(x)+3  ⋅ηµ1
x =limx→+∞ x-3+3  ⋅ηµ1

x =


