
ŒÛÙˆ ƒ( x) ¤Ó· ÔÏ˘ÒÓ˘ÌÔ ÙÔ ÔÔ›Ô ¤¯ÂÈ ÙÔ Ú Ú›˙· ÔÏÏ·-
ÏfiÙËÙ·˜ Î. ¢Â›ÍÙÂ fiÙÈ ÙÔ ƒ’(x) ¤¯ÂÈ ÙÔ Ú Ú›˙· ÔÏÏ·ÏfiÙË-
Ù·˜ Î-1

ŒÛÙˆ ÌÈ· Û˘Ó¿ÚÙËÛË ÌÂ g(0)=g(1)=0 Î·È Ë ·Ú·-
ÁˆÁ›ÛÈÌË Û˘Ó¿ÚÙËÛË ÌÂ ÙËÓ È‰ÈfiÙËÙ·

ÁÈ· Î¿ıÂ 

∞Ô‰Â›ÍÙÂ fiÙÈ f(x)=1, ÁÈ· Î¿ıÂ 

ŒÛÙˆ Ë ·Ú·ÁˆÁ›ÛÈÌË Û˘Ó¿ÚÙËÛË ÌÂ f(1)=0
Î·È f’(1)=2008. 
∞Ó ÁÈ· Î¿ıÂ ÈÛ¯‡ÂÈ 

Ó· ‚ÚÂıÂ› Ô Ù‡Ô˜ ÙË˜ f.

ŒÛÙˆ f ÌÈ· ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ [1, 3] Û˘Ó¿ÚÙËÛË ÌÂ

¡· ‰Â›ÍÂÙÂ fiÙÈ Ë Cf ¤¯ÂÈ Ì›· ÙÔ˘Ï¿¯ÈÛÙÔ ÔÚÈ˙fiÓÙÈ· ÂÊ·ÙÔ-
Ì¤ÓË. 

ŒÛÙˆ Ë Û˘Ó¿ÚÙËÛË f, ÔÚÈÛÌ¤ÓË ÛÙÔ R Ô˘ ÈÎ·ÓÔÔÈÂ› ÙË
Û¯¤ÛË 

Î·È f(0)=1, f’(0)=1/2
¡· ÚÔÛ‰ÈÔÚ›ÛÂÙÂ ÙË Û˘Ó¿ÚÙËÛË f.

∂ÂÈ‰‹ ÙÔ Ú Â›Ó·È Ú›˙· ÙÔ˘ ƒ(x) ÔÏÏ·ÏfiÙËÙ·˜ Î, ÙÔ ƒ(x)
ÁÚ¿ÊÂÙ·È: ÌÂ .

∂›Ó·È 

fiÔ˘ 

ÌÂ 

Î·È ¤ÙÛÈ

ÌÂ ¶(Ú) 0

ÕÚ· ÙÔ Ú Â›Ó·È Ú›˙· ÙÔ˘ ƒ’(x) ÔÏÏ·ÏfiÙËÙ·˜ Î-1

∞ÓÙÈÎ·ıÈÛÙÒ ÛÙËÓ ‰Â‰ÔÌ¤ÓË Û¯¤ÛË x=0 ÔfiÙÂ 
g(0). f’(0)+f(0)=1 f(0)=1 Î·È ÁÈ· x=1 ¤¯Ô˘ÌÂ
g(1). f’(1)+f(1)=1 f(1)=1 ˘Ôı¤ÙÔ˘ÌÂ fiÙÈ ˘¿Ú¯Ô˘Ó

¤ÙÛÈ ÒÛÙÂ f(x) 1
∂ÂÈ‰‹ Ë f  Â›Ó·È ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ R Â›Ó·È Î·È Û˘ÓÂ¯‹˜ ÛÙÔ
R Î·ıÒ˜ Â›ÛË˜ Î·È ÛÙÔ [0,1]
∞fi ıÂÒÚËÌ· Ì¤ÁÈÛÙË˜-ÂÏ¿¯ÈÛÙË˜ ÙÈÌ‹˜ Ë f ı· ·ÚÔ˘ÛÈ¿˙ÂÈ
Ì¤ÁÈÛÙÔ Î·È ÂÏ¿¯ÈÛÙÔ ÛÙÔ [0,1]. ∞Ó Í Ë ı¤ÛË ÂÏ¿¯ÈÛÙÔ˘ ‹ Ì¤-
ÁÈÛÙÔ˘ ÙfiÙÂ Í (0,1) ÌÂ f(Í) 1. ∞fi ı. Fermat ¤¯Ô˘ÌÂ
f’(Í)=0 Î·È Ë ·Ú¯ÈÎ‹ Û¯¤ÛË ÁÈ· x=Í ÁÚ¿ÊÂÙ·È

(ÕÙÔÔ)

ÕÚ· f(x)=1 ÁÈ· Î¿ıÂ x [0,1].

∞fi ÙËÓ (1) ¤¯Ô˘ÌÂ ÈÛÔ‰‡Ó·Ì·

ıÂˆÚÔ‡ÌÂ ÙËÓ Û˘Ó¿ÚÙËÛË g ÌÂ g(y)=f(xy) - xf(y) - yf(x)
°È· y=1:g(1)=f(x) -xf(1) - f(x)=0 Î·È ¤ÙÛÈ g(y) g(1)=0
∏ g Â›Ó·È ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ ÌÂ

∂ÂÈ‰‹ Ë g ·ÚÔ˘ÛÈ¿˙ÂÈ ·ÎÚfiÙ·ÙÔ ÛÙÔ ÂÛˆÙÂÚÈÎfi ÛËÌÂ›Ô
ÙÔ˘ Â‰›Ô˘ ÔÚÈÛÌÔ‡ ÙË˜ g, y=1 Î·È Â›Ó·È ·Ú·ÁˆÁ›ÛÈÌË Û’
·˘Ùfi ÙfiÙÂ ÌÂ ÙÔ ı.Fermat:

√fiÙÂ 

H (2) ÁÈ· x=1 ‰›ÓÂÈ: Î·È ¤ÙÛÈ 

ŒÛÙˆ
Ë ÔÔ›· Â›Ó·È ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ [1,3] 

Î·È ÈÛ¯‡ÂÈ F’(x)=f(x). ∂Ê·ÚÌfi˙ˆ ÁÈ· ÙËÓ F £.ª.∆. ÛÙÔ [1,3]
Î·È ÚÔÎ‡ÙÂÈ fiÙÈ ̆ ¿Ú¯ÂÈ 

ŸÌˆ˜ ¿-

Ú· 

∂ÂÈ‰‹ Ë f Â›Ó·È ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ [1,3] ¿Ú· ı· Â›Ó·È ·Ú·-
ÁˆÁ›ÛÈÌË Î·È ÛÙÔ [1,Í] Î·È ÈÛ¯‡ÂÈ f(1)=f(Í), ÔfiÙÂ Û‡ÌÊˆÓ·
ÌÂ ÙÔ ıÂÒÚËÌ· Rolle Ë       f’(x)=0 ¤¯ÂÈ ÌÈ· ÙÔ˘Ï¿¯ÈÛÙÔÓ Ú›˙·
ÛÙÔ (1,Í) ÔfiÙÂ Ë Cf ¤¯ÂÈ Ì›· ÙÔ˘Ï¿¯ÈÛÙÔÓ ÔÚÈ˙fiÓÙÈ· ÂÊ·-
ÙÔÌ¤ÓË. 

ÕÚ· 

°È· x=0: ÔfiÙÂ

¿Ú·

°È· x=0: ÙÂÏÈÎ¿ 

ŸÌˆ˜ f Û˘ÓÂ¯‹˜ Î·È ÌË ÌË‰ÂÓÈ˙fiÌÂÓË ÔfiÙÂ ‰È·ÙËÚÂ› Úfi-
ÛËÌÔ ¿Ú· 

∆∞ £∂ª∞∆∞ ∂¶πª∂§∏£∏∫∞¡ ∆∞  ºƒ√¡∆π™∆∏ƒπ∞ 

°. Ã∞™π∞∫∏™°. Ã∞™π∞∫∏™
ÛÙÔv ¶∂πƒ∞π∞

f(x) = ex

f2(x) = exf2(0) = e0+ c1 ⇔ c1 = 0,

f2(x) = ex+ c1
1
2

 ex ⇔ 2f(x)⋅ f′(x) = ex⇔ (f2(x))′ = (ex)′

f(x)⋅ f′(x) =f(0)⋅ f′(0) = c⋅ e0 ⇔ c= 1/2

f(x)⋅ f′(x) = c⋅ ex

[f′(x)⋅ f(x)]
′
 = f(x)⋅ f′(x)

f″(x)⋅ f(x) + f′(x)⋅ f′(x) = f(x)⋅ f′(x)⇔ [

f″(x)⋅ f(x) + [f″(x)⋅ f(x) + ]
2
=f(x)⋅ f′(x) ⇔ 

f″(x)⋅ f(x) + [f′(x)]
2
= f(x)⋅ f′(x) ⇔

§Y™H 5Ô˘ £∂ª∞∆√™

2f(Í) = 2f(1) ⇔ f(Í) = f(1)

f(x)dx=2f(1)
1

3

⇔ f(Í) =

f(x)dx
1

3

2
 ⇔ f(x)dx=2f(Í)

1

3

F′(Í) = F(3) - F(1)

3-1
 ⇔f(Í) =

f(x)dx - 0
1

3

2
 ⇔

Í∈(1,3)

 F(x) = f(t)dt
1

x

§Y™H 4Ô˘ £∂ª∞∆√™

f(x)
x

 = 2008lnx ⇔ f(x)= 2008x lnx

f(1)

1
 = 2008ln1+c ⇔ c=0

f(x)
x

 = 2008lnx+c   (2)

⇔ 
xf′(x) - f(x)

x2
 = 2008

x
 ⇔ f(x)

x

′
 = (2008lnx)′

⇔ xf′(x) - xf′(1) - f(x) = 0 ⇔ xf′(x) - f(x) = 2008x

g′(1) = 0

g′(y) = xf′(xy) - xf′(y) - f(x),   y∈(0,+∞)

(0,+∞)

≤

f(xy) - xf(y) - yf(x) ≤ 0

§Y™H 3Ô˘ £∂ª∞∆√™

x∈R

g(Í)⋅ f′(Í)+f(Í)=1⇔f(Í)=1

≠x∈R

≠x∈(0,1)

⇔
⇔

§Y™H 2Ô˘ £∂ª∞∆√™

≠P′(x) = (x-ρ)κ-1⋅ Π (x),

Π(ρ) = κ ⋅ Q(ρ) + (ρ-ρ)⋅ Q′(ρ) = κ ⋅ Q(ρ) ≠0

Π(x) = κ ⋅ Q(x) + (x-ρ)⋅ Q′(x)

(x-ρ)κ-1⋅ κQ(x)+(x-ρ)⋅ Q′(x)  = (x-ρ)κ-1⋅ Π (x)

P′(x) = κ ⋅ (x-ρ)κ-1⋅ Q(x)+(x-ρ)κ⋅ Q′(x)

Q(ρ) ≠ 0P(x) =(x-ρ)κ⋅ Q(x)

§Y™H 1Ô˘ £∂ª∞∆√™

§Y™EI™

f″(x)⋅ f(x) + (f′(x))
2
=f(x)⋅ f′(x),   x∈R

5Ô £∂ª∞ 

f(x)dx=2f(1)
1

3

4Ô £∂ª∞ 

f(xy) ≤ xf(y) + yf(x)   (1)x,y∈(0,+∞)

f:(0, +∞)→R

3Ô £∂ª∞ 

x∈ 0, 1

x∈Rg(x) ⋅  f′(x) + f(x) =1,

f:R→R

g:R→R

2Ô £∂ª∞ 

1Ô £∂ª∞ 
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f(0)⋅ f′(0) = c⋅ e0 ⇔ c= 1/2


