
¢›ÓÂÙ·È Ë Û˘Ó¿ÚÙËÛË Ê(x) = xlnx, x > 0 Î·È ¤ÛÙˆ
. ¢›ÓÂÙ·È ·ÎfiÌË Ë ÙÚÂÈ˜ ÊÔÚ¤˜ ·Ú·ÁˆÁ›ÛÈÌË 

ÛÙÔ [0. ) Û˘Ó¿ÚÙËÛË g ÌÂ ıÂÙÈÎ¤˜ ÙÈÌ¤˜ ÛÙÔ ‰È¿ÛÙËÌ·
(0,1) ÁÈ· ÙËÓ ÔÔ›· ÈÛ¯‡Ô˘Ó

, g(·) = 0 Î·È g’(0) = 0. ¢›ÓÂÙ·È ·ÎfiÌË Û˘-

Ó¿ÚÙËÛË ÌÂ 

·)¡· ÌÂÏÂÙËıÂ› ̂ ˜ ÚÔ˜ ÙË Û˘Ó¤¯ÂÈ· Ë Û˘Ó¿ÚÙËÛË f
‚) ¡· ‰ÂÈ¯ıÂ› fiÙÈ ̆ ¿Ú¯ÂÈ Ú (1,2) Ù¤ÙÔÈÔ ÒÛÙÂ f (Ú) = 0
Á) ¡· ‰ÂÈ¯ıÂ› fiÙÈ Ë f Â›Ó·È ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ 0
‰) ¡· ‰ÂÈ¯ıÂ› fiÙÈ ̆ ¿Ú¯ÂÈ Ù¤ÙÔÈÔ ÒÛÙÂ f ’(Í) = 0

¢›ÓÂÙ·È Ë Û˘ÓÂ¯‹˜ Û˘Ó¿ÚÙËÛË f ÛÙÔ ∞ = (0, ) ÌÂ ÙËÓ È-
‰ÈfiÙËÙ· , x > 0

·) ∞Ô‰Â›ÍÙÂ fiÙÈ Ë f ·Ú·ÁˆÁ›˙ÂÙ·È ÛÙÔ ∞ = (0, )
‚) ¡· ‚ÚÂıÂ› Ô Ù‡Ô˜ ÙË˜ f
Á) ¡· ÌÂÏÂÙ‹ÛÂÙÂ ÙËÓ f ̂ ˜ ÚÔ˜ ÙËÓ ÌÔÓÔÙÔÓ›· Î·È Ù· ·ÎÚfi-
Ù·Ù·
‰) ¡· ‚ÚÂ›ÙÂ ÙÈ˜ ·Û‡ÌÙˆÙÂ˜ ÙË˜ Cf
Â) ¡· ‚ÚÂ›ÙÂ ÙÔ Û‡ÓÔÏÔ ÙÈÌÒÓ ÙË˜ f

·) ∞Ú¯ÈÎ¿

ÔfiÙÂ g(0)=0 Î·È

∏ f Â›Ó·È ·Ú·ÁˆÁ›ÛÈÌË Û˘Ó¿ÚÙËÛË ÛÙÔ ̂ ˜ ÁÈÓfiÌÂÓÔ ·Ú·-
ÁˆÁ›ÛÈÌˆÓ ÌÂ 

ÔfiÙÂ Î·È Û˘ÓÂ¯‹˜.  °È· ÙË Û˘Ó¤¯ÂÈ· ÛÙÔ 0 ¤¯Ô˘ÌÂ f(0)=0
Î·È 

ÔfiÙÂ f Û˘ÓÂ¯‹˜ ÛÙÔ 0.  ÕÚ· f Û˘ÓÂ¯‹˜ ÛÙÔ .
*g ÙÚÂÈ˜ ÊÔÚ¤˜ ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ 
ÔfiÙÂ g’ Û˘ÓÂ¯‹˜ ÛÙÔ 0
‚) Ë 

Â›Ó·È Û˘ÓÂ¯‹˜ ÛÙÔ [1,2]

∂›ÛË˜ ·ÊÔ‡

Î·È ÂÂÈ‰‹ g(x) > 0 ÛÙÔ (0,1) 

Î·È g Û˘ÓÂ¯‹˜ ÛÙÔ [0,1]. ÕÚ· ·fi ıÂÒÚËÌ· Bolzano ˘¿Ú-
¯ÂÈ Ú (1,2) Ù¤ÙÔÈÔ ÒÛÙÂ f(Ú) = 0
Á) Œ¯Ô˘ÌÂ

, ¿Ú· f ·Ú·ÁˆÁ›ÛÈ-
ÌË ÛÙÔ 0 ÌÂ 

‰) ™ÙÔ ‰È¿ÛÙËÌ· [0.Ú] ÈÛ¯‡Ô˘Ó ÔÈ ÚÔ¸Ôı¤ÛÂÈ˜ ÙÔ˘ ıÂˆ-
Ú‹Ì·ÙÔ˜ Rolle ÁÈ· ÙËÓ f ÔfiÙÂ ˘¿Ú¯ÂÈ Í (0, Ú) ¿Ú· Î·È Í
Í (0, ) Ù¤ÙÔÈÔ ÒÛÙÂ f ’(Í) = 0

·) 

Â›Ó·È f(t), t Û˘ÓÂ¯Â›˜ Û˘Ó·ÚÙ‹ÛÂÈ˜ ¿Ú· Â›Ó·È ·-

Ú·ÁˆÁ›ÛÈÌË ÛÙÔ (0, ), , ·Ú·ÁˆÁ›ÛÈÌÂ˜ ¿Ú· Î·È f 

·Ú·ÁˆÁ›ÛÈÌË ̂ ˜ Ú¿ÍË ·Ú·ÁˆÁÈÛ›ÌˆÓ.
‚) 

ÕÚ· 

¶ÚÔÛ‰ÈÔÚÈÛÌfi˜ ÛÙ·ıÂÚ¿˜:
°È· x = 1 Â›Ó·È f(1) = 1 ÔfiÙÂ c = 1 ¿Ú·

Á)

°È· x > 1 Â›Ó·È f ’(x) > 0 ¿Ú· ÛÙÔ [1, ). 
°È· 0 < x < 1 Â›Ó·È f ’(x) < 0 ¿Ú· ÛÙÔ (0, 1]. ∂ÌÊ·Ó›˙ÂÈ ÙÔ-
ÈÎfi Ì¤ÁÈÛÙÔ ÛÙÔ x0 = 1 ÌÂ ÙÈÌ‹ 

‰) ∫·Ù·ÎfiÚ˘ÊË ·Û‡ÌÙˆÙË

¿Ú· Ë x = 0 Â›Ó·È Î·Ù·ÎfiÚ˘ÊË ·Û‡ÌÙˆÙË
√ÚÈ˙fiÓÙÈÂ˜ - Ï¿ÁÈÂ˜
∞Ó·˙ËÙÒ Â˘ıÂ›· ÙË˜ ÌÔÚÊ‹˜ y = Ïx + ‚, fiÔ˘

¿Ú· Ë ·Û‡ÌÙˆÙË Â›Ó·È ÙË˜ ÌÔÚÊ‹˜ y = Ïx + ‚ y = 0
(ÔÚÈ˙fiÓÙÈ·) (¿ÍÔÓ·˜ x’x)
Â) ∂›Ó·È ∞1 = (0,1],  ¿Ú·

, ¿Ú· 

ÕÚ· 
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f(A) = f(A1) ∪ f(A2) = (-∞, 1]

f(A2) = ( f(x)lim
x→+∞

, f(1)] = (0, 1]  f ↓ A2 = [1, +∞) 

f(A1) = ( f(x)lim
x→0+

, f(1)] = (-∞, 1]
f ↑

⇒ 

= lnx + 1
x

lim
x→+∞

 = 1
x

lim
x→+∞

 = 0 

β = f(x) - λ ⋅  xlim
x→+∞

 = lnx + 1
x

 - 0 ⋅  xlim
x→+∞

 =

= 1
2x2

lim
x→+∞

 = 0

λ = f(x)
x

lim
x→+∞

 =
lnx + 1

x
x

lim
x→+∞

 = lnx + 1
x2

lim
x→+∞

 =

+∞
+∞

1
x
2x

lim
x→+∞

 =

f(x)lim
x→0+

 = lnx + 1
x

lim
x→0+

 = 1
x

 lnx + 1lim
x→0+

 = - ∞ 

f(1) = ln1 + 1
1

 = 1

f ↑
+∞f ↓

f'(x) = 0 ⇒ - lnx
x2

 = 0 ⇔ x = 1

=
1
x

 ⋅  x - lnx - 1

x2
 = - lnx

x2
 

f'(x) = lnx + 1
x

'
 =

lnx + 1 '  ⋅  x - (lnx + 1) (x)'

x2
 =

f(x) = lnx + 1
x

 , x > 0 

⇔ ln1 + c
1

 = 1 

x > 0

⇔ (x ⋅  f(x))' = (lnx)' ⇔ xf(x) = lnx + c ⇔ f(x) = lnx + c
x

 

= 1 + xf(x) ⇔ x ⋅  f(x) + x2f'(x) = 1 ⇔ f(x) + xf'(x) = 1
x

 ⇔

x2 ' ⋅  f(x) + x2⋅  f'(x) = 1 + x ⋅  f(x) ⇔ 2xf(x) + x2f'(x) 

 f(x) = 1
x

 + 1
x2

 ⋅  t ⋅  f(t) dt
1

x

 ⇔ x2f(x) = x + t ⋅  f(t) dt
1

x

 

1
x2

 1
x

 +∞

t ⋅  f(t) dt
1

x

,

f(x) = 1
x

 + 1
x2

 ⋅  t ⋅  f(t) dt
1

x

, x > 0  
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+∞∈
∈

f'(0) = g''(0)

6e

=
0
0 g'(x)

6ex
lim
x→0

 =
0
0 g''(x)

6e
lim
x→0

 = g''(0)

6e
 ∈ R 

f(x) - f(0)

x - 0
lim
x→0

 =

g(t) dt
0

x

ex3
lim
x→0

 =
0
0 g(x)

3ex2
lim
x→0

 

∈

g(t) dt
0

1

 > 0g(t) dt
0

2

 < 0 

f(1) ⋅  f(2) = 1
e

g(t) dt
0

1

 ⋅  1
4e

g(t) dt
0

2

 < 0 

1
ex2

g(t) dt
0

x

f(x) =

[0,+∞)
[0,+∞)

=
0
0 g(x) '

2ex '
lim
x→0

 = g'(x)

2e
lim
x→0

 = g'(0)

2e
 = 0 e

f(x)lim
x→0

 =

g(t) dt
0

x

ex2
lim
x→0

 =
0
0

g(t) dt
0

x '

ex2 '
 = g(x)

2ex
lim
x→0

 lim
x→0

f′(x) = - 2
ex3

 g(t)dt + g(x)

ex2
0

x

 

, x = 0  0   

1
ex2

g(t) dt
0

x

  , x > 0   

{f(x) = 

=
1
x

- 1
x2

 = (-x)  = 0lim
x→0

lim
x→0

α = limϕ(x)
x→0

= (xlnx)lim
x→0

 = lnx
1
x

lim
x→0

 =
∞
∞ lnx  ′

1
x

′
 =lim

x→0
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+∞

f(x) = 1
x

 +
t ⋅  f(t)

x2
 dt

1

x

 

+∞

2Ô £∂ª∞ 

ξ ∈ (0, +∞)

∈ 

, x = α 0   

1
ex2

g(t) dt
0

x

  , x > α {f(x) = 

f : [α, +∞) → R 

g(x) dx
0

2

 < 0  

+∞

α = lim
x→0

ϕ(x)
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