
¢›ÓÂÙ·È Ô ÛÙ·ıÂÚfi˜ ÌÈÁ·‰ÈÎfi˜ w 0.  
·) ¡· ·Ô‰ÂÈ¯ıÂ› fiÙÈ Ô ÁÂˆÌÂÙÚÈÎfi˜ ÙfiÔ˜ ÙˆÓ ÛËÌÂ›ˆÓ
ª(z) ÙÔ˘ ÌÈÁ·‰ÈÎÔ‡ ÂÈ¤‰Ô˘, ÁÈ· ÙÔ˘˜ ÔÔ›Ô˘˜ ÈÛ¯‡ÂÈ

(1) Â›Ó·È Î‡ÎÏÔ˜ ÌÂ Î¤ÓÙÚÔ ÙËÓ 

ÂÈÎfiÓ· ÙÔ˘ w.
‚) ∞Ó Î·È Ú Ë ·ÎÙ›Ó· ÙÔ˘ ·Ú·¿Óˆ Î‡ÎÏÔ˘, ÙfiÙÂ Ó·
‚ÚÂıÂ› ÙÔ ÂÌ‚·‰fi ÙÔ˘ ̄ ˆÚ›Ô˘ Ô˘ ÂÚÈÎÏÂ›ÂÙ·È ·fi ÙË ÁÚ·-
ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜ Û˘Ó¿ÚÙËÛË˜ f(x)=xlnx, ÙËÓ ·Û‡ÌÙˆ-
ÙË ÛÙÔ ÙË˜ Û˘Ó¿ÚÙËÛË˜ , ÙËÓ Î·Ù·-

ÎfiÚ˘ÊË ·Û‡ÌÙˆÙË ÙË˜ Û˘Ó¿ÚÙËÛË˜ Î·È
ÙËÓ Â˘ıÂ›· x=Ú.

¢›ÓÂÙ·È Ë ·Ú·ÁˆÁ›ÛÈÌË Û˘Ó¿ÚÙËÛË f ÛÙÔ R, ÁÈ· ÙËÓ ÔÔ›· È-
Û¯‡ÂÈ 2f(2x)-f(x)=2x(1), Î·È Ë Û˘Ó¿ÚÙËÛË

.

·) ¡· ·Ô‰Â›ÍÂÙÂ fiÙÈ ̆ ¿Ú¯Ô˘Ó x1 (0,1) Î·È x2 (1,2) Ù¤-
ÙÔÈ· ÒÛÙÂ f ’(x1) + 2f ’(x2) = 2
‚) ¡· ·Ô‰Â›ÍÂÙÂ fiÙÈ Ë F Â›Ó·È ÛÙ·ıÂÚ‹ Î·È Ó· ‚ÚÂ›ÙÂ ÙËÓ ÙÈ-
Ì‹ ÙË˜
Á) ¡· ̆ ÔÏÔÁ›ÛÂÙÂ ÙÔ ÔÏÔÎÏ‹ÚˆÌ· 

¢›ÓÂÙ·È ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ (0, ) Û˘Ó¿ÚÙËÛË f ÁÈ· ÙËÓ Ô-
Ô›· f(x) 0 ÁÈ· Î¿ıÂ x (0, ) Î·È ÔÈ ÌÈÁ·‰ÈÎÔ›
z1=·2+if(·) Î·È  ÌÂ 0<·<‚ ÁÈ· ÙÔ˘˜ ÔÔ›Ô˘˜ 

ÈÛ¯‡ÂÈ .

·) √ z1z2 Â›Ó·È Ê·ÓÙ·ÛÙÈÎÔ˜.
‚) √È ·ÚÈıÌÔ› f(·) Î·È f(‚) Â›Ó·È ·Ó¿ÏÔÁÔÈ ÙˆÓ ÙÂÙÚ·ÁÒÓˆÓ
ÙˆÓ · Î·È ‚.
Á) À¿Ú¯ÂÈ ¤Ó·˜ ÙÔ˘Ï¿¯ÈÛÙÔÓ Ù¤ÙÔÈÔ˜ ÒÛÙÂ

·) ŒÛÙˆ w = · + ‚i Î·È z = x + yi ÙfiÙÂ

Ô˘ ·ÚÈÛÙ¿ÓÂÈ Î‡ÎÏÔ ÌÂ Î¤ÓÙÚÔ 

∫(·,‚) ‰ËÏ·‰‹ ÙËÓ ÂÈÎfiÓ· ÙÔ˘ w
‚) ∂›Ó·È 

√fiÙÂ  Ë ·Û‡ÌÙˆÙË ÙË˜ Cg ÛÙÔ Â›Ó·È Ë y = 1
∂›ÛË˜ DÊ=R-{e}fiÔ˘ Ê Û˘ÓÂ¯‹˜ Î·È 

¿Ú· ÌÔÓ·‰ÈÎ‹ Î·Ù·ÎfiÚ˘ÊË ·Û‡ÌÙˆÙË.  ∞ÎfiÌ·
ÔfiÙÂ Ú=4.  ÕÚ· ÙÔ ˙ËÙÔ‡ÌÂÓÔ ÂÌ‚·‰fi Â›Ó·È

·) 

H f Â›Ó·È ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ R ÔfiÙÂ ÂÊ·ÚÌfi˙ÂÙ·È £ª∆ ÛÂ
Î¿ıÂ ‰È¿ÛÙËÌ·.  ∂ÔÌ¤Óˆ˜ ̆ ¿Ú¯Ô˘Ó x1 (0,1)  Î·È 
x2 (1,2) Ù¤ÙÔÈ· ÒÛÙÂ

Î·È 

.  √fiÙÂ 

‚) °È· ÙÔ ÔÏÔÎÏ‹ÚˆÌ· ı¤ÙÔ˘ÌÂ 

˘=xt=g(t) ÔfiÙÂ ̆ 1=g(1)=x, ̆ 2=g(2)=2x Î·È d˘=xdt Ôfi-
ÙÂ 

√fiÙÂ 

√fiÙÂ F ÛÙ·ıÂÚ‹. ∂ÔÌ¤Óˆ˜ ÁÈ· Î¿ıÂ x R ÈÛ¯‡ÂÈ

Á) ∞fi ÙÔ ÚÔËÁÔ‡ÌÂÓÔ ÂÚÒÙËÌ· ¤¯Ô˘ÌÂ

·) ¢È·‰Ô¯ÈÎ¿ ¤¯Ô˘ÌÂ 

Ê·ÓÙ·ÛÙÈÎfi˜.
‚) ∂›Ó·È 

∞ÏÏ¿ z1z2 Ê·ÓÙ·ÛÙÈÎfi˜ 

√fiÙÂ f(·) Î·È f(‚) Â›Ó·È ·Ó¿ÏÔÁ· ÙˆÓ ÙÂÙÚ·ÁÒÓˆÓ ÙˆÓ ·, ‚.
Á) 

∏ Û˘Ó¿ÚÙËÛË Â›Ó·È ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ 

ÌÂ 
Î·È Â›ÛË˜

g(·)=g(‚).  √fiÙÂ ÁÈ· ÙËÓ g ÂÊ·ÚÌfi˙ÂÙ·È ıÂÒÚËÌ· Rolle
ÛÙÔ [·,‚].  ÕÚ· ̆ ¿Ú¯ÂÈ Í (·,‚) Ù¤ÙÔÈÔ˜ ÒÛÙÂ

.
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g′(ξ) = 0 ⇔ ξ f′ ξ  -2f ξ  = 0 ⇔ f′ ξ  =
2f ξ

ξ
 

ξ∈

g′(x) =
x2f′(x) - 2xf(x)

x4
 =

xf′(x) - 2f(x)

x3
 

(0,+∞)g(x) = f(x)

x2
 

(1) ⇔ f α
α2
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f β

β
2

 

⇔α2

β
2
  - f α

f β
 =0 ⇔ f α

f β
 = α2

β
2
  (1)

= α2

β
2
 + i α2

f β
 + if α

β
2

 - f α

f β
 = α2

β
2
 + i α2

f β
 + f α

β
2

  (1)

z1z2= α2+if α  1

β
2
 + i 1

f β
 =

⇔ 2z1z2+2z1z2 =0 ⇔z1z2+z1z2 =0 ⇔2Re(z1z2) =0 ⇔z1z2

⇔z1z1+z1z2+z2z1+z2z2 = z1z1 -z1z2 - z2z1+z2z2⇔

⇔ z1+z2 ⋅ z1+z2  = z1-z2 ⋅ z1-z2  ⇔

z1+z2  = z1-z2  ⇔ z1+z2
2 = z1-z2

2 ⇔ 

§Y™H 3Ô˘ £∂ª∞∆√™

⇒
(+)

 f(x) dx
1

4

 = 5 ⇔ I = 5 }(2) ⇒
x=1

f(u) du
1

2

 = 1

(2) ⇒
x=2

f(u) du
2

4

 = 4

 

F(x) = f(˘)d˘-x2+3
x

2x

⇔ f(˘)d˘=x2 (2)
x

2x

 

F(x) =F(0) =0 f(0)dt-02+3 = 3
1

2
∈ 

 = f(2x) (2x)' - f(x) - 2x = 2f(2x) - f(x) - 2x =
(1)

0 

F'(x) = f(u) du
1

2x

 - f(u) du
1

x

 - x2 + 3

'
 = 

F(x) = f(˘)d˘-x2+3
x

2x

I1= f(˘)d˘
x

2x

 

I1=x f(xt)dt
1

2

 = f(xt)xdt
1

2

f′(x1)+2f′(x2) =2⇔ 2f′(x2) = 2f(2)-2f(1)

f′(x2) =
f(2)-f(1)

2-1
 = f(2) -f(1)⇔ f′(x1) =

f(1)-f(0)

1-0
 = f(1)

∈ 
∈ 

(1) ⇒
x=1

 2f(2)-f(1) = 2

(1) ⇒
x=0

 2f(0)-f(0) = 0⇔f(0) = 0  

§Y™H 2Ô˘ £∂ª∞∆√™

=8ln4 - e2

2
 - x2

4 e

4
 -4+e=8ln4-e

2

2
 -4+e2

4
 -4+e = 8ln4 - e2

4
+e-8

x= x3

2
lnx

e

4
 - x2

2
lnx ′ dx-(4-e) = 8ln4 - e2

2e

4

 - x
2

dx-4+e=
e

4

E = f(x)-1  dx
e

4

= x2

2

′
 lnxdx -

e

4

dx
e

4

=

w = 4
x = e

ϕ(x)lim
x→e+

 = 1
x-e

2x2-5x+7lim
x→e+

 = +∞ ⋅ (2e2-5e+7) = +∞  

+∞

= 2 + 0

1 + 0 + 0  + 1
 = 2

2
 = 1

= x2 + 2x + 2 - x2

x2 + 2x +2  + x
lim
x→+∞

 =
2 + 2

x

1 + 2
x

 + 2
x2

 + 1
 =lim

x→+∞

g(x)lim
x→+∞

 = x2 + 2x +2  - xlim
x→+∞

 =

⇔ x - α 2 + y - β
2
 = w2 

⇔ x2 - 2αx + α2 + y2 - 2βy + β
2
 = α2 + β

2
 

(1) ⇔ x2 + y2 - 2 - β
  x  α

y  = 0 ⇔x2 + y2 - 2αx - 2βy = 0
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§Y™EI™

f'(ξ) =
2 f(ξ)

ξ

ξ∈(α,β)

z1+z2  = z1 - z2

z2 = 1

β
2
+i 1

f(β)

 

+∞∈R≠
+∞

3Ô £∂ª∞ 

I = f(x) dx
1

4

∈∈R

F(x)=x f(xt)dx-x2+3,  x∈R
1

2

x∈R

2Ô £∂ª∞ 

ϕ(x)=2x2- 5x+7
x-e

 

g(x) = x2+2x+2 -x+∞

w = 4

z 2-2 Re(z)    Im(z)
-Im(w)   Re(w)

 = 0

≠

1Ô £∂ª∞ 
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