
¢›ÓÔÓÙ·È ‰‡Ô ÌÈÁ·‰ÈÎÔ›  z,w Î·È Ë  Û˘-

Ó¿ÚÙËÛË f ÌÂ Ù‡Ô 

∞Ô‰Â›ÍÙÂ fiÙÈ Ë Û˘Ó¿ÚÙËÛË f(x)=0 ¤¯ÂÈ 

ÙÔ˘Ï¿¯ÈÛÙÔÓ Ì›· Ï‡ÛË ÛÙÔ [-1, 1].

ª›· Û˘Ó¿ÚÙËÛË f Â›Ó·È ÔÚÈÛÌ¤ÓË Î·È 

Û˘ÓÂ¯‹˜ ÛÙÔ R ÌÂ f(7)=6 Î·È ÁÈ· Î¿ıÂ 

ÈÛ¯‡ÂÈ . ¡· ‚ÚÂ›ÙÂ ÙÔ f(5).

ŒÛÙˆ  f:[·,‚] R Û˘ÓÂ¯Ò˜ Û˘Ó¿ÚÙËÛË Î·È 

ÔÈ ÌÈÁ·‰ÈÎÔ› ·ÚÈıÌÔ› z=·,‚i, z1=·+f(·)i,  

z2=‚+f(‚)i.  ∞Ó ÈÛ¯‡ÂÈ

Ó· ‰ÂÈ¯ıÂ› fiÙÈ Ë Cf ¤¯ÂÈ ¤Ó· ÙÔ˘Ï¿¯ÈÛÙÔÓ

ÎÔÈÓfi ÛËÌÂ›Ô ÌÂ ÙÔÓ ¿ÍÔÓ· x’x.

ŒÛÙˆ Ë Û˘ÓÂ¯‹˜ Û˘Ó¿ÚÙËÛË f:R R ÁÈ·

ÙËÓ ÔÔ›· ÈÛ¯‡ÂÈ fiÙÈ f2(x)+x.f(x)-1=0  (1)

ÁÈ· Î¿ıÂ 

È) ¢Â›ÍÙÂ fiÙÈ Ë f ‰È·ÙËÚÂ› ÙÔ ÚfiÛËÌÔ ÙË˜

ÈÈ) ∞Ó  f(0)>0, Ó· ‚ÚÂ›ÙÂ ÙÔÓ Ù‡Ô ÙË˜ f.

H f Â›Ó·È Û˘ÓÂ¯‹˜ ÛÙÔ [-1,1] ̂ ˜ 

ÔÏ˘ˆÓ˘ÌÈÎ‹  

ŸÌˆ˜

ŸÌˆ˜ 

∂ÔÌ¤Óˆ˜ 

- ∞Ó  ÙfiÙÂ ·fi ÙÔ ıÂÒÚËÌ· 

Bolzano ̆ ¿Ú¯ÂÈ ÙÔ˘Ï¿¯ÈÛÙÔÓ ¤Ó· 

ÒÛÙÂ f(x0)=0.

- ∞Ó  ÙfiÙÂ x0=1 ‹ x0=-1

ÕÚ· Ë f(x)=0 ¤¯ÂÈ Ï‡ÛË ÛÙÔ [-1, 1].

°È· x=7 Ë (1) Á›ÓÂÙ·È 

∏ f Â›Ó·È Û˘ÓÂ¯‹˜ ÛÙÔ [6,7] Î·È  

f(6) < 5 < f(7). 

ÕÚ· ·fi ÙÔ ıÂÒÚËÌ· ÂÓ‰È¿ÌÂÛˆÓ ÙÈÌÒÓ 

˘¿Ú¯ÂÈ  ÒÛÙÂ f(x0)=5.

°È· x=x0 Ë (1) Á›ÓÂÙ·È 

∞Ú¯ÈÎ¿ ‚Ú›ÛÎˆ ÙÔ 

¿Ú· 

√fiÙÂ Ë Û¯¤ÛË 

ÁÚ¿ÊÂÙ·È 

∂ÂÈ‰‹ Ë f Û˘ÓÂ¯‹˜ ÛÙÔ [·, ‚]

¿Ú· ÏËÚÔ‡ÓÙ·È ÔÈ ̆ Ôı¤ÛÂÈ˜ ÙÔ˘

ıÂˆÚ‹Ì·ÙÔ˜ Bolzano ÛÙÔ [·, ‚], ÔfiÙÂ

˘¿Ú¯ÂÈ ÙÔ˘Ï¿¯ÈÛÙÔÓ ¤Ó· Ù¤ÙÔÈÔ

ÒÛÙÂ f(x0)=0, ¿Ú· Ë Cf Ù¤ÌÓÂÈ ÙÔÓ x’x ÛÂ

¤Ó· ÙÔ˘Ï¿¯ÈÛÙÔÓ ÛËÌÂ›Ô.

È) ÀÔı¤ÙÔ˘ÌÂ fiÙÈ Ë f ‰ÂÓ ‰È·ÙËÚÂ› ÙÔ

ÚfiÛËÌfi ÙË˜, ¿Ú· ̆ ¿Ú¯Ô˘Ó ÌÂ  

Î·È ¤ÛÙˆ x1<x2, ÒÛÙÂ f(x1).f(x2)<0. 

∏ f ÏËÚÂ› ÙÈ˜ ̆ Ôı¤ÛÂÈ˜ ÙÔ˘ ıÂˆÚ‹Ì·ÙÔ˜

Bolzano ÛÙÔ [x1,x2] ¿Ú· ̆ ¿Ú¯ÂÈ ¤Ó·

ÙÔ˘Ï¿¯ÈÛÙÔÓ ÒÛÙÂ f(x0)=0. 

°È·  x=x0, Ë Û¯¤ÛË (1) ÁÚ¿ÊÂÙ·È 

f2(x0)+x0
.f(x0)-1=0 -1=0 (ÕÙÔÔ)

ÕÚ· Ë f ‰È·ÙËÚÂ› ÛÙ·ıÂÚfi ÙÔ ÚfiÛËÌfi

ÙË˜. 

ÈÈ) £ÂˆÚÒÓÙ·˜ ÙË Û¯¤ÛË (1) ̂ ˜ ÙÚÈÒÓ˘ÌÔ

ÌÂ ¿ÁÓˆÛÙÔ ÙÔ f(x), ‚Ú›ÛÎÔ˘ÌÂ fiÙÈ

Î·È ÂÂÈ‰‹ f(0)>0 Î·È Ë  f  ‰È·ÙËÚÂ› ÙÔ

ÚfiÛËÌfi ÙË˜ ¿Ú·
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f(x) = x2 + 4-x
2

 f(0)=1>0

f(x) =
- x ± x2 + 4

2

⇔

x0∈ (x1,x2)

x1≠x2

x1, x2 ∈ R

x0 ∈ α,β

⇔ 3αβ -α2 - β2-αβ = f(α)⋅  f(β) ⇔ f(α)⋅ f(β) = - (α -β)2< 0

⇔ 12αβi- 4i (α2+β2) - 4i (αβ + f(α) ⋅  f(β))=0

) - 4i (α2 + β2) - 4i (αβ + f(α) ⋅  f(β)) = 0

⇔3 (α2 - β2+ 2αβi - α2 + 2αβi + β2) - 

= 4i (αβ + f(α) f(β)

3 (α+βi)2 (α-βi)2  - 4i ⋅  (α+βi) (α-βi) 

3 (z2 - z 2) - 4i zz = 4i ⋅  Re (z1 ⋅  z2)

Re(z1 ⋅  z2) = αβ + f(α) ⋅  f(β)

= (αβ +  f (α) ⋅  f(β)) + (β f(α) 

= α ⋅  β - α f (β) i + β f(α) i - f(α) ⋅  f(β) i2 

z1 ⋅  z2 = (α + f(α) i)  (β - f(β) i 

Re(z1 ⋅  z2)

f(x0) ⋅  f (f(x0))=1 ⇔ 5 ⋅  f(5) = 1 ⇔ f(5) = 1
5

x0 ∈ (6,7)

f(7) ⋅  f (f(7))=1 ⇔ 6 ⋅  f(6) = 1 ⇔ f(6) = 1
6

f(-1) ⋅  f(1) = 0

x0 ∈ (-1, 1)

f(-1) ⋅  f(1) < 0

 f(-1) ⋅  f(1) ≤ 0

 z+w  ≤ z  + w ⇔ z  + w - z+w ≥ 0 ⇔ (1) f(1) ≥ 0

f(1) = - z  + w - z+w 2

 w - z  ≤  z  - w  ≤ z+w ⇔ w - z  - z+w ≤ 0 ⇔ (1) f(-1) ≤ 0

f(-1) = - z  + w - z+w 1

x∈R

→

3 (z2 - z 2) - 4i zz = 4i ⋅  Re (z1 ⋅  z2)

→

f(x) ⋅  f (f(x))=1    (1)

x∈R

f(x) = z  ⋅  x3 + w ⋅  x2 - z+w
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