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MAOHMATIKA
OETIKHX - TEXNOAOI'IKHYX KATEYOYNXHX

AITANTHXEIX
OEMA A
Al. Ocwpia oel. oyoA. BipAr. 334-335
A2. Oewpia oel. oxoA. PIA. 246
A3. Ocwpia cel. oyoA. BipA. 222
Ad. A, %, %, A, )y

©EMA B
(z-2)(z—2)+|z-2|=2
BI..

22 +|z-2|-2=0

Oéto y=|z—2| apa y2+y—2=0§(y+2)(y—1)=0@
{y+2:0©y=—2<:>|z—2|:—2 (1)
y-l=0ey=1ez-2|=1 (2)
(1) : adbvarn, (2) : xdKhog pe kévipo K (2,0) ko aktiva p =1
2| =|z-2+2|<|z-2|+2<1+2=3 apa |7|<3

B2.
A" TPOIIOY :
21+2y =P, z;-z, =y

O z,, z, gtvar ovQuyeic dpa z, =z,

7, +2, :—B}C} 2Re(zl)=—[3 }(3)

z,-2, =Y Re?(z;)+Im’(z,)=y
Emiong Im(z,)=-Im(z,) dpa ‘Im(zl)—lm(zz)‘:2<:>‘2Im(zl)‘:2<:>‘lm(zl)‘:1c>
Im(z, )=+l Av Im(z,) =1, t6te Im(z,)=-1, evd av Im(z,) =1, 161¢ Im(z,)=1.
‘Boto Im(z;)=1 kot éot0 7, =0 +1i : |Zl—2|=1<:>|a—i+2|=1<:>|a—2+i|=l<:>
(a-2)+1=1=(a-2)'=0=a=2
2.2= Be>p=—4

Amo (3) &yovue o Re =a=2:
(3) Erove o Re(z) {22+12=y<:>y=5

B’ TPOIIOX :

Ot z,, z, etvan pileg Tov TprVOLOL Gpa eivan cvlvYeis pe EIKOVEG GUIUETPIKEG G TTPOG TOV X 'X.
Emopévmg 1 andotacn tmv eovev Tov z,, Z, 0o etvor kdbetn otov X 'x. Enedn etvar suluyeic Oa
gtvon : Re(z,)=Re(z,) onore :

‘Im(zl)—lm(zz)‘ =2z —z,|=2
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Ta z),z, ovikovv otov KOKAO pe kévipo K(2,0) kar p=1 xou 7

amOCTACT] TOV EKOVAOV TOVg givar 2. Apa T0 Z;, Z, £Vl AVTIOIUETPIKE,

Oa 1oyvet :

M, (Zl)
onpgio. Omote M, (z,)=(2.1) kot M, (z,)=(2,-1) Snhady z, =2+i, m
M, (2,

)

B3.

3 2

‘VS‘S3‘V2‘+3|V|+3

v =1 <3+ 3]V +3 -1 <3V +]v]+1)

(Y —1)(|v|2 +|v|+1) < 3(\v2\ +|v|+1)

Eneid} 1o tpidvopo x> +x +1 givon Oeticd yuo kGde x € R, Oa 1oydet - |v| -1<3< |v| <4

It

(f(x)+x)(f'(x)+l)=x@2(f(x)+x)(f’(x)+l):2x@[(f(x)vtx)z]:[xz]’ &
(f(x)+x)2=xz+c

Ia x =0 &ovpe £(0)=1 onore : (f(0)+0)2 =0°+cec=1 Gpo (f(x)+x)2 =x’+1
Eotw h(x)=f(x)+x

"Exovpe f mapaywyioun oto R dpa f cuveyng oto R omdte kot h cuveyng oto R wg aBpotoua
GUVEYDV GUVAPTICGEWDV.

‘Exovpe h®(x)=x+1xot h(0)=f(0)+0=1

h(x)=0=h*(x)=0=x"+1=0 adbvam

Apo h(x)#0 yio ke x €R

Emnedn h(x)=0, h(0)=1>0 kath ovveyng oto R Ba givon h(x)>0 ya kdbe x e R

Anradi h(x)=Vx*+1 & f(x)+x=Vx"+1 & f(x)=Vx* +1-x

I2.

‘Eyovpe : f(X)=\/X2 +1-x
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X Xx—Vx?+1
f'(x)=—/—=-1f'(x)=—F—w—
( ) Vx? +1 ( ) Vx? +1
x>0
Eépovpe Ot \/x2+l—x<\/x>2—xs|x|—x={ 0

x—<0)_2x >0

Apa VX2 +1-x>0< x—vx2+1<0 dnhadn f'(x) <0 1w kéOe x € R omote f yvnoiog
eBivovoa.
f(g(x)) SSREN f(g(x)) =1(0) xon emedn 1 f eivon yvnoing pdivovsa oto R Ba givar kar 1-1 omote

g(x)=0 o -l 0
g'(x):3x2+3x g + 0 - (i) +
g'(x)=0<:>x=0,x=—1 g(x) 7/ ~ |7/v
T.M. TE
g(-1)=—+ g(0)=-1

2

2
lim g(x)= lim (x3+%—1J= lim x° = -

X—>—0 X—>—00 X—>—00
2
. . 3x .
lim g(x)= lim | x> +=—~1|= lim x> =+
X—>+00 X—>+00 2 X—>+00

X—>—0

o xe(-oo,-1] n g eivar yvnoing ad&ovsa Gpa f(A,) =( lim g(x),g(—l)} = (—oo,—%}
e xe[-1,0] n g eivar yvnoiog pbivovoa apa f(A,) = [g(O),g(—l)] = [—1,——}

e x¢€[0,+0) n g civon yvnoiog av&ovoa dpa f(Ay)= [g(O), lim (x)) =[-1,+x)

X—>+00
Hapampovpe 6ti: 0¢ g(A,) kot g(A,) evd 0 g(As), omote vdpyet va x; € (0,+0) étot
dote g(x,)=0, 0 X; &ivan povadiko d16t1 1 g givor yvnoing ovovoa 610 (0,+0). Apan

e€lomon &yel o povadikn pila oto R kot cvykekpipéva oto (0, +oo).
I3.
T 0
Oéto o(x)= f(x —Zj £QX —j LF(t)dt
4
H o stvan cuveyng oto [0, %} OC TPAEELS GLVEDV
o(0)= f(-ljapo-j"nf(t)dt [ (1)
4 s s
INa x < 0 ko enewdn 1 f eivon yvnoiog pOivovoa oto R Ba éxovpe o1t £(x)>f(0)=1dpa

£(x)>0= [ f(x)dx > 0na xe(—%, 0] onéte »(0) <0
4
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(m) _ T o _
0= f(O)SQZ—IZZf(t)dt =1>0
Teluch w(O)-w(%) <0

Apa and Osopnpo Bolzano vrépyet tovAdyiotov éva X, € (O, %j €101 OOTE co(xo) =0

OEMA A

h—0 h h—0

AL 1imf(1+5h)_f(l_5h):o@hm{ ) }:0 (1)

o fim R

1 f(l
®ét® u=-h 101¢ hmu 0 &y hmM =f'(1)

h—0 —-u

£(1+5h)—£(1)

e |im
h—0

Oéto y =5Shtote %m(} y =0 xon &ym:

hmw - 51imw - 5f’(1)
y—0 y—0 y
gy

(1) & 5/ (1)+£(1) =0 6£/(1) = 0 < /(1) =0.

Apa to x, =1eivan p{Ca g ' povadikn 610t £’ elvan yvnoimg avéovoa oto (0, + oo)
Onote ya x >1——f"(x)>f'(1) = 0 < f yvnoing av&ovoa oto [1, +o0]

karyw X <l——=—f"(x) < f'(1) =0 < f ywnoing pbivovsa oto (—0,1]

Aniadn n £ mapovordlet erdyioto oto x, =1 10 (1) =1

f(t)-1
A2. H f elvan ocvuveyng oto (1, + oo) aQeoL eivat Tapay®yiciun orote 11 cuVApPTON % elvan

OLVEYNG WG TNATKO GUVEXDV GUVAPTICEMV Y10l X € (1, + oo) . ZUVETMG 1 g elval Topaywyiciun y
f (X) -1

x—1
INo x >1&yovpe 0tL x—1>0 Kot enedn n f mapovorlet eddyioto oto X, =170 f (1) =10a woyvet

xe(l, +o0) pe g'(x)=

f(x)>f(1)=18nradn f(x)—-1>0dpa g'(x)=0Kkar g ywnoing avEovsa oto (1, +).
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X+

Ocopd ™ cvvaptnon h(x) =I : g(u)du ywo x €(1,+%) (Oa propovoape va dcmpiicovps

h(x)= J‘:Hg(u)du) Kot 6T o > 1161e:

h(x)= j:+5g(u)du+ .[:%g(u)du = —I:+5g(u)du + J.:%g(u)du
H h tapayoyiciun agod n g eivor cuveyng.
h'(x)=—g(x+5)+g(x+6)

Emne1on n g elvar yvnoiog avéovoa Ba Exovpe :

X+5<x+6 g(x+5)<g(x+6) = g(x+6)—g(x+5)<0
apa h'(x) <0 kot h yvnoiog bivovoa yia x € (1,+ ).
Advoupe TV avicwon

J‘gxzwg(u)du > 2X4+6g(u)du < h(8x2) > h(2x4)<L>8x2 >2x' &

8x%+5 2x445

©2x4—8x2<0©2x2(x2—4)<O©x2<4©—2<x<2

ko enewdn X € (1, +0) o ym 1<x <2

f(x)—l

x—1

A3. Zépovpe 611 g'(x) = kat enedn f mopayayioyn oto (0, +o00) tote N g €ivar 3o popés
napayoyioyn oo (1, +oo)

g"(x): f’(x)()z;l_)l}f(x)—i-l B Xl_l(f,(x)_f(x)—lj

H f givon svveyng oto [1, x]

H f napayoyiown oto (1, x)
Onote and OMT vrdpyet § € (1,x):

f’(§)= f(x)—f(l) B f(x)—l

x—1 x—1
. " 1 '
o g"(x) =—(f'(x)=1'(¢))
INa x>1=x-1>0 xa f'eivor yvnoiong ovéovoa oo (0,+0)omdte yia x > &= '(x) > f'(&)
Sovendg g”(x) >0 dpa g kopt v x € (1,+00).

xf(t)-1 xf(t)-1

((x—l)J'a%dt:(f(a)—l)(x—a)cja (t—)l =
g(x)=g'(a)(x—a)=g(x)-0=g'(a)(x—a) = g(x)=g'(a) (x—a)+g(a) (Epantopévn g
C, 010 A(a,0)

f(a)-1

(x—a)=

H e€iocwon et mpogavi pila v x =a. H Loon g eSicwong divet o onueio topng mg C, pe
TNV EQATTOUEVT] TG GTO oNUEio A(a, O) . Eme1on n g etvon kxupt 1618 M g Ppioketon mévo and v

EQATTOUEVT TNG EKTOG OO TO oMpEio A(a, O) dpomn x =o elvor povadikn Avomn g e€icwong.



