
¢›ÓÂÙ·È Ë ÁÈ· ÙËÓ ÔÔ›· ÈÛ¯‡ÂÈ Ë Û¯¤ÛË
, ÁÈ· Î¿ıÂ x R.
i) ¡· ‚ÚÂ›ÙÂ ÙÔÓ Ù‡Ô ÙË˜ f

ii) ¡· ‚ÚÂ›ÙÂ ÙÔ 

iii) ∞Ó Â›Ó·È (gof)(x) = x2 + 1, ÁÈ· Î¿ıÂ x R Ó· ‚ÚÂ›ÙÂ ÙÔÓ
Ù‡Ô ÙË˜ g

ŒÛÙˆ Ë Û˘ÓÂ¯‹˜ Û˘Ó¿ÚÙËÛË f ÛÙÔ [·,‚] Î·È ÔÈ ÌÈÁ·‰ÈÎÔ› z =
f(‚) - i‚2 Î·È w = f(·) + i·2 ÌÂ . ¡· ‰Â›ÍÂÙÂ fiÙÈ 

˘¿Ú¯ÂÈ ¤Ó· ÙÔ˘Ï¿¯ÈÛÙÔÓ Í (·,‚) ÒÛÙÂ f(Í) = 0.

∞Ó ÁÈ· ÙËÓ Û˘Ó¿ÚÙËÛË ÈÛ¯‡ÂÈ f 3(x) + f(x) + x = 4,
ÁÈ· Î¿ıÂ x R Ó· ‰Â›ÍÂÙÂ fiÙÈ:
i) ∏ f Â›Ó·È Û˘Ó¿ÚÙËÛË “1-1”
ii) ¡· ‚ÚÂ›ÙÂ ÙËÓ f -1
iii) ¡· Ï‡ÛÂÙÂ ÙËÓ ÂÍ›ÛˆÛË f(ex) = f(1 - x)
iv) ¡· ‚ÚÂ›ÙÂ ÙÔ 

·) ¢›ÓÂÙ·È Ë Û˘Ó¿ÚÙËÛË

∞Ó Ë f Â›Ó·È Û˘ÓÂ¯‹˜ ÛÙÔ x0 = 2 Ó· ‰Â›ÍÂÙÂ fiÙÈ Ë ÂÈÎfiÓ· ÙÔ˘
ÌÈÁ·‰ÈÎÔ‡ z ÎÈÓÂ›Ù·È ÛÂ Â˘ıÂ›· ÙË˜ ÔÔ›·˜ Ó· ÚÔÛ‰ÈÔÚ›ÛÂ-
ÙÂ ÙËÓ ÂÍ›ÛˆÛË.
‚) ∞fi ÙÔ˘˜ ÌÈÁ·‰ÈÎÔ‡˜ z ÙÔ˘ ÂÚˆÙ‹Ì·ÙÔ˜ (·) Ó· ‚ÚÂıÂ› Â-
ÎÂ›ÓÔ˜ Ô˘ ¤¯ÂÈ ÙÔ ÂÏ¿¯ÈÛÙÔ Ì¤ÙÚÔ

i) ¢›ÓÂÙ·È fiÙÈ 3. f(x) - 2. f(-x) = 5x - 3, ÁÈ· Î¿ıÂ x R
£¤ÙÔ˘ÌÂ fiÔ˘ x ÙÔ -x Î·È ¤¯Ô˘ÌÂ 3. f(-x) - 2. f(x) = -5x - 3, fi-
Ô˘ Ï‡ÓÔ˘ÌÂ ÙÔ Û‡ÛÙËÌ·

Î·È ·›ÚÓÔ˘ÌÂ 

f(x) = x - 3
ii) 

, ı¤Ùˆ ÔfiÙÂ

iii) ¢›ÓÂÙ·È gof(x) = x2 + 1
g(f(x)) = x2 + 1 g(x - 3) = x2 + 1 g(ˆ) = ̂ 2 + 6ˆ
+10. ÕÚ· g(x) = x2 + 6x + 10 ÁÈ· Î¿ıÂ x R

∏ f ÈÎ·ÓÔÔÈÂ› ÙÈ˜ ̆ Ôı¤ÛÂÈ˜ ÙÔ˘ £.Bolzano ÛÙÔ [·,‚] ¿Ú· ̆ -
¿Ú¯ÂÈ Ù¤ÙÔÈÔ ÒÛÙÂ f(Í)=0

i) f3(x)+f(x)+x=4 ¿Ú· f3(x)+f(x)=4-x (1) ÁÈ· Î¿ıÂ x R.
∆fiÙÂ ÁÈ· Î¿ıÂ x1, x2 R ÌÂ f(x1)=f(x2) ¤¯Ô˘ÌÂ

ÕÚ· Ë f Â›Ó·È “1-1”.

ii) ∞Ó ı¤ÛÔ˘ÌÂ y=f(x) ÙfiÙÂ Ë f3(x)+f(x)+x=4 Á›ÓÂÙ·È
y3+y+x=4 x=4 - y3 - y f-1(y) = 4 - y3 -y   ‹ 
f-1(x) = -x3 -x+4, x R (f(R)=R).

iii) f(e¯) = f(1-x)
∂ÂÈ‰‹ Ë f Â›Ó·È “1-1” ¿Ú· ex=1-x ex +x-1=0
¶ÚÔÊ·Ó‹˜ Ú›˙· x=0 ‰ÈfiÙÈ eo+0 -1=1 -1=0
∏ Û˘Ó¿ÚÙËÛË h ÌÂ h(x)=ex+x - 1 Â›Ó·È ÁÓ‹ÛÈ· ·‡ÍÔ˘Û· ‰Èfi-
ÙÈ ÁÈ· Î¿ıÂ x1,x2 R ÌÂ 
x1 < x2 x1 - 1 < x2 -1  

Î·È   ex1 < ex2

ÚÔÛı¤ÙÔÓÙ·˜ Î·Ù¿ Ì¤ÏË ¤¯ˆ

¿Ú· Ë h Â›Ó·È “1-1” ÔfiÙÂ x=0 ÌÔÓ·‰ÈÎ‹ Ú›˙·.

iv) ∂›Ó·È

ÈÛ¯‡ÂÈ

ÙÔ ,

¿Ú· ·fi ÎÚÈÙ‹ÚÈÔ ·ÚÂÌ‚ÔÏ‹˜ Î·È 

·) ∞ÊÔ‡ f Û˘ÓÂ¯‹˜ ÛÙÔ xo=2
ÕÚ· 

∂›Ó·È 

∂›Ó·È

ÕÚ· ÏfiÁˆ ÙË˜ (1) ı· Ú¤ÂÈ

4x+2y - 3= 0
™¯fiÏÈÔ: ∏ ÂÈÎfiÓ· ÙÔ˘ z ÎÈÓÂ›Ù·È ÛÙË ÌÂÛÔÎ¿ıÂÙË ÙÔ˘ ÙÌ‹Ì·-
ÙÔ˜ ∞µ fiÔ˘ ∞(2,0), µ(0,-1) Ô˘ Â›Ó·È ÔÈ ÂÈÎfiÓÂ˜ ÙˆÓ ÌÈÁ·‰È-
ÎÒÓ z1=2+0i,  z2=0-1i ‚¿ÛÂÈ ÙË˜ ÈÛfiÙËÙ·˜ .

‚)

(Ë) (Â) ÏÂ 
. ÏË = -1 -2 . ÏË = -1 ÏË = 1/2

¿Ú· (Ë) : y = 1/2 . x  
§‡Óˆ ÙÔ (™)

¿Ú· Ô ¤¯ÂÈ ÙÔ ÂÏ¿¯ÈÛÙÔ Ì¤ÙÚÔ

∆∞ £∂ª∞∆∞ ∂¶πª∂§∏£∏∫∞¡ ∆∞  ºƒ√¡∆π™∆∏ƒπ∞ 

Ã∞™π∞∫∏™Ã∞™π∞∫∏™
ÛÙÔv ¶∂πƒ∞π∞

z0 = 3
5

 + 3
10

 i

{ 4x + 2y - 3 = 0

y = 1
2

 x
⇔{ x = 3/5

y = 3/10

⇔⇔⊥

z-2  = z+i  

(x-2) +yi  = x+(y+1) i⇔ (x-2)2 + y2  = x2 + (y+1)2  ⇔

z-2  + 3
4

 = z+i  +3
4

 ⇔ z-2  = z+i  ⇐⇒
z=x+y1

f(x)lim
x→2+

 = z+i  + x - 5
4

 = z+i  +2 - 5
4

lim
x→2+

 = z+i  + 3
4

 = f(2)

= z-2  +
2(x-2) (x - 1

2
)

(x-2) (x+2)
 =lim

x→2-
 z-2  + 2x -1

x+2
 =lim

x→2-
 z-2  + 3

4

f(x)lim
x→2-

 = z-2  + 2x2 - 5x+2
x2 - 4

lim
x→2-

 =

f(x)lim
x→2-

 = f(x)lim
x→2+

 = f(2)   (1)

§Y™H 4Ô˘ £∂ª∞∆√™

(x3+x)lim
x→0

 ηµ1
x

 = 0

x3 + xlim
x→0

 = 0

≤ x3 + x  

x3 + x ηµ 1
x

 ≤ x3 + x  ⇔ - x3 + x  ≤ (x3 + x )ηµ 1
x

 ≤

4 - f-1 (x)  ηµ 1
x

 = (4+x3+x - 4) ηµ 1
x

 = (x3+x) ηµ 1
x

ex1+ x1 - 1 < ex2 + x2 -1 ⇔h(x1) < h(x2),

⇔
∈

⇔

∈
⇔⇔

4 - x1 = 4 - x2 ⇔ x1 =x2 

f3(x1) = f3(x2)

f(x1) = f(x2)
}(+) αρα f3(x1) + f(x1) = f3(x2) + f(x2) ⇔

(1)

∈
∈

§Y™H 3Ô˘ £∂ª∞∆√™

ξ ∈ (α, β)

⇔ f(α) f(β) < -α2β
2
 ⇔ f(α) f(β) < 0

- 2f(α) f(β) + α4 - 2α2β
2
 ⇔ 4f(α) f(β) < -4α2β

2
 ⇔ 

⇔ f2(α) + f2(β) + 2f(α) f(β) + α4 + 2α2β
2
 < f2(α) + f2(β) - 

⇔ (f(α) + f(β))
2
 + (α2 + β

2
)
2
 < (f(α) - f(β))

2
 + (β

2
 - α2)

2
 

⇔ (f(α) + f(β)) + i(α2 + β
2
)  < (f(α) - f(β)) + i(β

2
 - α2)  ⇔ 

f(α) + iα2 + f(β) + iβ
2
 < f(α) - iα2 - f(β) + iβ

2
 ⇔ 

w + z  < w - z  ⇔

§Y™H 2Ô˘ £∂ª∞∆√™

∈
⇐⇒
x - 3 = ω

⇔

ηµu
ulim

u→0
 = 1

1
x

 = u= (x ⋅  ηµ1
x)lim

x→+∞  =
ηµ1

x
1
x

lim
x→+∞

 

[(f(x) + 3) ⋅  ηµ1
x]lim

x→+∞
 = [(x - 3 + 3) ⋅  ηµ1

x]lim
x→+∞

(Σ){ 3 ⋅  f(x) - 2 ⋅  f(-x) = 5x - 3

3 ⋅  f(-x) - 2 ⋅  f(x) = -5x - 3

∈

§Y™H 1Ô˘ £∂ª∞∆√™

§Y™EI™

f(x) ={
z - 2  + 2x2 - 5x + 2

x2 - 4
 , x < 2

z + i  + x - 5
4

              , x ≥ 2

4Ô £∂ª∞ 

[(4 - f-1(x)) ⋅  ηµ1
x]lim

x→0

∈
f : R → R

3Ô £∂ª∞ 

∈

w + z  < w - z

2Ô £∂ª∞ 

∈

[(f(x) + 3) ⋅  ηµ1
xlim

x→+∞

∈3 ⋅  f(x) - 2 ⋅  f(-x) = 5x - 3
f : R → R

1Ô £∂ª∞ 
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