
·) ∞Ó ÁÈ· ÙÔ ÌÈÁ·‰ÈÎfi z ÈÛ¯‡ÂÈ ,ÁÈ· Î¿ıÂ 

, Ó· ‚ÚÂıÂ› Ô ÁÂˆÌÂÙÚÈÎfi˜ ÙfiÔ˜ ÙˆÓ ÂÈÎfiÓˆÓ ÙÔ˘ z.
‚) ¡· ‚ÚÂ›ÙÂ ÙÈ˜ ÙÈÌ¤˜ ÙˆÓ ·Ú·Ì¤ÙÚˆÓ ·,‚ ÒÛÙÂ Cf Ó· ¤¯ÂÈ
·Û‡ÌÙˆÙË ÛÙÔ ÙÔÓ ÁÂˆÌÂÙÚÈÎfi ÙfiÔ ÙÔ˘ ÂÚˆÙ‹Ì·-
ÙÔ˜ (·), fiÔ˘ 

Á) °È· ÙÈ˜ ÙÈÌ¤˜ ÙˆÓ ·,‚ Ô˘ ‚Ú‹Î·ÙÂ, Ó· ‚ÚÂıÂ› ÙÔ ÂÌ‚·‰fiÓ
ÙÔ˘ ̄ ˆÚ›Ô˘ Ô˘ ÂÚÈÎÏÂ›ÂÙ·È ÌÂÙ·Í‡ Cf , ÙÔÓ ¿ÍÔÓ· Î·È
ÙˆÓ Â˘ıÂÈÒÓ x=0 Î·È x=2.

·) ¡· ‚ÚÂıÂ› Ô Ù‡Ô˜ ÙË˜ ıÂÙÈÎ‹˜ Î·È ·Ú·ÁˆÁ›ÛÈÌË˜ Û˘-
Ó¿ÚÙËÛË˜ f ÛÙÔ R ·Ó ÈÛ¯‡Ô˘Ó ÔÈ Û¯¤ÛÂÈ˜:

ÁÈ· Î¿ıÂ , f(0)=1, 
‚) ¡· ‚ÚÂıÂ› ÙÔ Û‡ÓÔÏÔ ÙˆÓ ÙÈÌÒÓ ÙË˜ Û˘Ó¿ÚÙËÛË˜ 
h(x) = f(x)+x Î·È Ó· ‚ÚÂıÂ› ÙÔ Ï‹ıÔ˜ ÙˆÓ ÚÈ˙ÒÓ ÙË˜ ÂÍ›Ûˆ-
ÛË˜ h(x)=0
Á) ŒÛÙˆ Ô ÌÈÁ·‰ÈÎfi˜ z(x)=x+ex .i, . ¡· ÂÍÂÙ¿ÛÂÙÂ ·Ó
ÙÔ Ì¤ÙÚÔ ÙÔ˘ z(x) Ï·Ì‚¿ÓÂÈ ÂÏ¿¯ÈÛÙË ÙÈÌ‹.

¢›ÓÂÙ·È Ë Û˘Ó¿ÚÙËÛË Ë ÔÔ›· Â›Ó·È ·Ú·ÁˆÁ›ÛÈ-
ÌË.  ∞Ó ÁÈ· Î¿ıÂ ÈÛ¯‡ÂÈ 
Ó· ‰Â›ÍÂÙÂ fiÙÈ ÁÈ· Î¿ıÂ Â›Ó·È 

·) ¢›ÓÂÙ·È fiÙÈ 

£ÂˆÚÔ‡ÌÂ fiÙÈ , ¿Ú· ÈÛ¯‡ÂÈ

ÕÚ· Ë g ÂÌÊ·Ó›˙ÂÈ ÂÏ¿¯ÈÛÙÔ ÛÙÔ x=0 ÔfiÙÂ ·fi ıÂÒÚËÌ·
Fermat ÈÛ¯‡ÂÈ 
∂›Ó·È ¿Ú·

‚) ∏ y=-x Â›Ó·È Ï¿ÁÈ· ·Û‡ÌÙˆÙË ÙË˜ Cf ÛÙÔ . 
ÕÚ· ÈÛ¯‡Ô˘Ó ÔÈ ÈÛfiÙËÙÂ˜:

Î·È 

¿Ú· ·= -1.
∂›ÛË˜ 

¿Ú· .

Á)°È· ·= -1, Ë , ÁÈ· 

Î¿ıÂ .

ÕÚ· 

(™¯fiÏÈÔ:ı· ÌÔÚÔ‡ÛÂ Ó· Á›ÓÂÈ Î·È ‰È·›ÚÂÛË)

·) πÛ¯‡ÂÈ fiÙÈ (I), ÁÈ· Î¿ıÂ , ¿Ú· ı¤Ùˆ
fiÔ˘ x ÙÔ ·-x, Î·È ¤¯Ô˘ÌÂ: (II).
∂Î ÙˆÓ (π), (ππ) 

(III) fiÔ˘ c>0)
¢È·ÈÚÒ Î·Ù¿ Ì¤ÏË ÙÈ˜ π, πππ ÔfiÙÂ ÚÔÎ‡ÙÂÈ:

¶ÚÔÛ‰ÈÔÚÈÛÌfi˜ ÙˆÓ c1, Î
°È· x=0: f(0)=c1 1=c1         
°È· x=0: f’(0)=Î.f(0) 2=Î
‚) ∏ h(x) = f(x)+x = e2x+x
ªÔÓÔÙÔÓ›·: ¿Ú· Ë h Â›Ó·È ÁÓËÛ›ˆ˜ ·‡ÍÔ˘-
Û· ÛÙÔ R

ÔfiÙÂ 

¶·Ú·ÙËÚÒ fiÙÈ ÙÔ ÌË‰¤Ó ¿Ú· ˘¿Ú¯ÂÈ ÙÔ˘Ï¿¯ÈÛÙÔÓ
Ì›· Ú›˙· .

∫·È ÂÂÈ‰‹ Ë h Â›Ó·È ÁÓËÛ›ˆ˜ ·‡ÍÔ˘Û· Ë Ú›˙· Â›Ó·È ÌÔÓ·‰ÈÎ‹
Á) z(x)=x+ex .i ¿Ú· 
£ Â ˆ Ú Ò
g(x)=x2+e2x ¿Ú·

∂›Ó·È 

√fiÙÂ ÁÈ· x>xo Â›Ó·È 

ÁÈ· x<xo Â›Ó·È 

√fiÙÂ Ë g ÂÌÊ·Ó›˙ÂÈ min ÛÙÔ xo ÌÂ ÙÈÌ‹ g(xo).  ÕÚ· ÙÔ
, ÁÈ· Î¿ıÂ .

∏ (1) ÁÈ· x>0 Á›ÓÂÙ·È 

ÂÓÒ ÁÈ· x<0 Á›ÓÂÙ·È 

£ÂˆÚÔ‡ÌÂ ÙË Û˘Ó¿ÚÙËÛË g ÌÂ .

∏ g Â›Ó·È ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ R ÔfiÙÂ Ë g Â›Ó·È Û˘ÓÂ¯‹˜ ÛÙÔ
R. ∞fi ÙÈ˜ (2), (3) ¤¯Ô˘ÌÂ fiÙÈ ÁÈ· Î¿ıÂ  x<0 Â›Ó·È 
Î·È ÁÈ· Î¿ıÂ x>0 Â›Ó·È . 

√fiÙÂ g Â›Ó·È ÁÓ‹ÛÈ· Êı›ÓÔ˘Û· ÛÙÔ Î·È ÁÓËÛÈ· ·‡-
ÍÔ˘Û· ÛÙÔ Î·È ¤ÙÛÈ ·ÚÔ˘ÛÈ¿˙ÂÈ ÔÏÈÎfi ÂÏ¿¯ÈÛÙÔ
ÛÙÔ xo=0 ÌÂ g(0)=0.  
ÕÚ· 

∆∞ £∂ª∞∆∞ ∂¶πª∂§∏£∏∫∞¡ ∆∞  ºƒ√¡∆π™∆∏ƒπ∞ 

Ã∞™π∞∫∏™Ã∞™π∞∫∏™
ÛÙÔv ¶∂πƒ∞π∞

g(x)≥g(0)⇔g(x)≥0⇔x10f(x)-x″≥0⇔f(x)-x≥0⇔f(x)≥x

[0, +∞)
(-∞, 0]

g′(x) > 0
g′(x) < 0

x∈Rg(x) = x10⋅ f(x) - x11

x10⋅ f(x) - x11 ′
 < 0  (3)

⇔ x10⋅ f(x) - x11 ′
 > 0 (2)

⇔ x10 ′⋅ f(x) + x10⋅ f′(x) > x11 ′ ⇔ x10⋅ f(x)
′
 - x11 ′> 0

10x9⋅ f(x) + x10 ⋅ f′(x) > 11x10 

§Y™H 3Ô˘ £∂ª∞∆√™

x∈Rz(x)  ≥ z xo

g′(x) < g′(xo) ⇔ g′(x) < 0

g′(x) > g′(xo) ⇔ g′(x) > 0

g′(0)=0 ⇔ h(x)=0 ⇔ x=xo

g′(x)=2x+2e2x = 2(x+e2x) = 2h(x)

z(x)  = x2+ e2 2  = x2+e2x

xo∈R: h(xo) = 0
∈ h(A)

h(A) =
lim h(x)

x→ -∞
,

lim h(x)

x→ +∞
 = -∞, +∞  =R

h′(x) = 2e2x+1>0

⇔ }f(x) = e2x⇔

⇔ f(x) = c1 ⋅ eκ⋅x

f′(x) ⋅  f(α-x)

f(x) ⋅  f(α-x)
 =

β
c

 ⇔ 
f′(x)

f(x)
 =

β
c

 = κ ⇔ f′(x) = κ ⋅ f(x)⇔ 

⇔ f(x)⋅ f(α-x)
′
 =0⇔ f(x)⋅  f(α-x) = c

⇒ f′(x) ⋅  f(α-x) - f′(α-x)⋅ f(x) =0 ⇔ 
f′(α-x) ⋅  f(x) = β

x∈Rf′(x)⋅ f(α-x) = β

§Y™H 2Ô˘ £∂ª∞∆√™

= x+ 3
x+10

2

dx = x2

2
 +3ln (x+1)

0

2
 =2+3ln3

=  x
2+x+3
x+1

 dx
0

2

 = x(x+1)+3

x+1
 dx

0

2

 =

E(Ω)= - f(x)
0

2

dx = - - x2+x+3
x+1

 dx
0

2

=

x∈[0,2]

f(x) = -x2-x-3
x+1

 = - x2+x+3
x+1

 < 0β = - 1
2

2β + 1 = 0 ⇔β = - 1
2=

2β+1

1
 = 2β+1

=
lim

x→ +∞

-x2 + 2βx - 3+x2 +x

x+1
 =

lim

x→ +∞
 
(2β+1)x - 3

x+1
 =

lim

x→ +∞
(f(x)+x) =

lim

x→ +∞

αx2 + 2βx - 3

(x+1)
 +x  =

=
lim

x→ +∞

αx2 + 2βx - 3

x2+x
 =

lim

x→ +∞

αx2 
x2

 =α

lim

x→ +∞

f(x)
x

 =
lim

x→ +∞

αx2 + 2βx - 3

(x+1) ⋅ x
 =

lim

x→ +∞
(f(x) - λ ⋅ x) =

lim

x→ +∞
(f(x)+x) = 0

lim

x→ +∞

f(x)
x

 = λ = -1

+∞

⇔y= -x

g′(x) = 0⇔ z-i  = z+1  x2+(y-1)2⇐⇒
z = x + yi

 = (x+1)2+y2  ⇔

g′(x) = e z-i ⋅x ⋅  z-i  - z+1

g′(0) = 0

g(x) ≥ 0⇔g(x) ≥ g(0)

g(x) = e z-i ⋅x - z+1  ⋅ x-1

e z-i ⋅x ≥ z+1  ⋅ x+1 ⇔ e z-i ⋅x - z+1  ⋅ x-1 ≥ 0.

§Y™H 1Ô˘ £∂ª∞∆√™

§Y™EI™

f(x) ≥ xx∈R
10f(x) + xf′(x) > 11x  (1)x ∈ R* 

f: R→R

3Ô £∂ª∞ 

x∈R

f′(0) = 2x∈Rf′(x) ⋅ f(α-x) = β>0,

2Ô £∂ª∞ 

x′x

f(x) =
αx2 + 2βx - 3

x + 1

+∞

x∈R

e z-i ⋅x ≥ z+1  ⋅ x+1

1Ô £∂ª∞ 

ª·ıËÌ·ÙÈÎ¿ K·ÙÂ‡ı˘ÓÛË˜
¶ ∞ ¡ ∂ § § ∏ ¡ π ∂ ™  
∂ • ∂ ∆ ∞ ™ ∂ π ™  2 0 1 0

/ ∆Ú›ÙË 29 ¢ÂÎÂÌ‚Ú›Ô˘ 2009 67ÀÔ„‹ÊÈÔ˜

x          - x0 +

g’(x)               -          0             +

g(x)                         MIN

∞∞


